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We develop a systematic theory for optimising single-photon frequency conversion using optical
Bragg scattering. The efficiency and phase-matching conditions for the desired Bragg scattering
conversion as well as spurious scattering and modulation instability are identified. We find that third-
order dispersion can suppress unwanted processes, while dispersion above the fourth order limits
the maximum conversion efficiency. We apply the optimisation conditions to frequency conversion
in highly nonlinear fiber, silicon nitride waveguides and silicon nanowires. Efficient conversion is
confirmed using full numerical simulations. These design rules will assist the development of efficient
quantum frequency conversion between multicolour single photon sources for integration in complex
quantum networks.
PACS numbers: 03.67.Hk, 42.50.Ex, 42.65.Ky
I. INTRODUCTION
Quantum information and computing using single-
photons is a promising way of realizing qubits which
are stable against the environment yet can be manip-
ulated and detected readily [1]. A number of current
schemes for developing quantum photonic technology
such as quantum gates [2], algorithms [3], and metrol-
ogy [4] require the use of indistinguishable photons, as
they need high visibility Hong-Ou-Mandel (HOM) quan-
tum interference [5]. Although quantum interference has
been observed between disparate sources [6], this required
extremely careful engineering of the spectral states. To
avoid this in the future and have an agile quantum net-
work, quantum frequency conversion will be required to
bring together photons from separate nodes. A method
to achieve this conversion is to use optical nonlinearities
to convert between states. Parametric wave mixing in
the single photon regime has been proposed using second
and third-order nonlinear media [7–10].
A promising quantum frequency conversion technique
is Bragg scattering (BS) four-wave mixing (FWM) be-
tween single photons and two strong classical pumps in
third-order nonlinear optical media [9, 11]. This noise-
less conversion process conserves quantum state informa-
tion and can enable quantum interference between pho-
tons at different frequencies [12]. However, a drawback
of Bragg scattering in third-order media is competition
with other parametric processes, such as modulation in-
stability (MI) and reverse Bragg scattering [13], which
can be phase-matched simultaneously if proper care is
not taken. This largely explains why several demonstra-
tions of single photon BS quantum frequency conversion
suffered from low efficiency [14, 15]. Recently, highly
∗ s.lefrancois@physics.usyd.edu.au
efficient single-photon frequency conversion was demon-
strated in a highly-nonlinear fiber [16]. So far, the op-
timisation of the frequency conversion process has been
done mostly on an ad hoc basis for a given experiment.
It would thus be valuable to develop a systematic process
for optimizing the desired frequency conversion process
while suppressing unwanted parametric mixing. This will
be particularly critical to achieve conversion efficiencies
above 50%, a requirement for unity visibility multicolor
quantum interference between photons of different fre-
quency [17–19].
In this article, we develop a systematic theory for op-
timising Bragg scattering frequency conversion for maxi-
mum efficiency in the single-photon regime. The desired
and spurious parametric processes are identified. The
efficiency and phase-matching conditions for backward
and forward Bragg scattering and spurious modulation
instability are clearly described using analytical theory.
We find that large third-order dispersion can be used to
suppress spurious processes while leaving the desired fre-
quency conversion unaffected. Meanwhile, higher-order
dispersion from the fourth order and up limits the maxi-
mum frequency conversion efficiency even before spurious
processes come into play. Our general theory is applied
to three candidate media for single photon Bragg scat-
tering: highly nonlinear fiber, integrated silicon nitride
waveguides, and silicon nanowires. We find conditions of
optimal operation for properly selected dispersion pro-
files, and confirm this with full numerical simulations of
the simultaneous parametric processes. This work will
provide a guide to design efficient and low-noise quan-
tum state translation devices for integration into quan-
tum information circuits. The conclusions also apply to
classical optical Bragg Scattering systems where spurious
effects need to be avoided.
2II. FREQUENCY CONVERSION THEORY
The basic concept of single-photon frequency transla-
tion using optical Bragg scattering is illustrated in Fig. 1.
Single photons at the signal frequency ωs interact with
two strong classical pumps in a χ(3) nonlinear medium
and are scattered to a new idler frequency ωi. En-
ergy conservation dictates that the BS frequency shift
is ∆ω = ωp1−ωp2 = ωs−ωi. The process conserves pho-
ton number in the signal and idler channels, allowing for
noiseless frequency conversion preserving quantum state
information [12].
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FIG. 1. (Color online) Single photon frequency conversion
using optical Bragg scattering. Two classical pumps at fre-
quencies ωp1 and ωp2 convert single photons from ωs to ωi.
In addition to Bragg scattering, four-wave mixing pro-
cesses also include modulation instability (also known as
degenerate or single-pump FWM) and phase conjuga-
tion [13]. The processes can compete with the desired
frequency translation process. The two main spurious
processes of interest, reverse Bragg scattering and para-
metric amplification through modulation instability, are
illustrated in Fig. 2. Here we will optimise for the BS
process bringing the idler closer to the pumps, labeled
down in Fig. 2(a). This choice is arbitrary and the con-
clusions drawn also apply for the reverse scattering pro-
cess labeled up. If the phase matching conditions are not
optimized, both up- and down-conversion can be phase-
matched simultaneously, reducing the efficiency of the
desired process. Additionally, modulation instability can
cause the generation of secondary pump wavelengths and
depletion of the main pumps, as well as couple vacuum
noise into the quantum state wavelengths. For MI, en-
ergy conservation requires that 2ωpmi = ω
+
mi + ω
−
mi, as
defined in Fig. 2(b).
A. Bragg scattering
The Bragg scattering process on single photons can
be described in terms of the classical pump fields and
the quantum mechanical single photon signal and idler
fields. We assume that the pumps each have equal powers
Pp1 = Pp2 = P0. The spatial Hamiltonian is then [9]:
H/~ = δbs(a
†
sas − a
†
iai) + κa
†
sai + κ
∗a†ias. (1)
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FIG. 2. (Color online) (a) Bragg scattering frequency con-
version. (b) Modulation instability amplification. The desired
frequency conversion is in solid lines, the spurious processes
are dashed.
The photon creation and annihilation operators are a†j
and aj respectively. The linear wave-vector mismatch is
δbs and the pump-induced coupling is κ = 2γP0 with
γ the nonlinear Kerr coefficient. The evolution of the
creation/annihilation operators is then governed by the
spatial Heisenberg equation of motion:
i~
daj
dz
= [H, aj ]. (2)
We can solve Eqs. 1-2 to get the output form of the
operators after propagation [9]:
as(z) = µ(z)as(0) + ν(z)ai(0), (3)
ai(z) = −ν
∗(z)as(0) + µ
∗(z)ai(0), (4)
with the transfer functions:
µ(z) = cos (kbsz) + iδbs sin (kbsz)/kbs, (5)
ν(z) = iκ sin (kbsz)/kbs. (6)
We have used the Bragg scattering wavevector kbs:
kbs =
√
δ2bs + κ
2. (7)
Consider the case where the input photon number state
|ns, ni〉 consists of a single photon at the signal frequency,
described as |ψ(0)〉 = |1, 0〉 = a†s(0)|0, 0〉. The prop-
agating state can be found using the unitary operator
U = exp (−iHz/~):
|ψ(z)〉 = U |ψ(0)〉 = Ua†s(0)|0, 0〉
= (Ua†s(0)U
†)U |0, 0〉 = a†s(z)|0, 0〉, (8)
where we have used the invariance of the vacuum state
under propagation. Using Eq. 3, we get:
|ψ(z)〉 = µ∗(z)|1, 0〉+ ν∗(z)|0, 1〉. (9)
Thus, the Bragg scattering process propagates the input
single photon into signal and idler photon states accord-
ing to the transfer functions µ(z) and ν(z). Photon num-
bers are conserved since |µ|2 + |ν2| = 1.
3We can now define a Bragg scattering conversion effi-
ciency ηbs = |〈0, 1|ψ〉|
2, which corresponds to the proba-
bly of finding the photon in the idler state:
ηbs(z) = |ν(z)|
2 =
(
2γP0
kbs
)2
sin2 (kbsz). (10)
Similarly, we can define a signal transmittance τbs =
|〈1, 0|ψ〉|2 and show from Eq. 5-6:
τbs(z) = |µ(z)|
2 = 1− ηbs(z). (11)
These results are consistent with the classical treatment
of Bragg scattering [13]. This is expected because at
the quantum mechanical level, the wave-mixing process
operate linearly on the quantum states, as can be seen
from Eq. 1.
The dispersive phase-mismatch δbs = (βi − βs +
βp1 − βp2)/2 can be expressed in terms of the dispersion
βn(ω0) = ∂
nβ(ω)/∂ωn
∣∣
ω0
, where β(ω) is the waveguide
propagation constant:
δbs =
∑
n
β2n(ω0)
(2n)!
[
(ωp2 − ω0)
2n − (ωp1 − ω0)
2n
]
, (12)
with ω0 the centre frequency of the BS process. For the
desired down scattering we have ωd0 = (ωp2+ωs)/2 while
for spurious up scattering we have ωu0 = (ωp1 + ωs)/2.
The maximum conversion efficiency for the desired Bragg
scattering down-conversion is then:
ηdbs =
(
2γP0
kbs
)2
=
1
1 + δ−bs
2
/(2γP0)2
. (13)
If the BS centre frequency ω0 is chosen to be a zero-
dispersion wavelength and we neglect dispersion beyond
β2, we get kbs = 2γP0 and η
d
bs = 1 for all pump wave-
lengths. For the rest of the paper, we will work under
this regime to maximise the frequency conversion band-
width. If higher-order dispersion is strong enough it will
nevertheless limit the maximum pump spacing as we will
see below.
From Eq. 10, the maximum conversion into the idler
is obtained when kbsz = pi/2. Assuming perfect phase-
matching δbs = 0 along a waveguide of length L, this
corresponds to a single pump power:
Pmax0 =
pi
4γL
(14)
The first process to compete with the desired frequency
conversion is the opposite BS process. In the case where
up-conversion is the unwanted BS process, Eq. 12 still
applies, but with the dispersion βn(ω
u
0 ). This unwanted
BS can be avoided if the phase-mismatch δubs is large
enough. To first order, this is dominated by the group-
velocity dispersion β2(ω
u
0 ) = β2(ω
d
0)+β3(ω
d
0)(ω
u
0 −ω
d
0) =
β2(ω
d
0)− β3(ω
d
0)∆ω/2. Thus, spurious frequency conver-
sion can be minimized by moving the pumps away from
the center frequency and increasing the pump spacing,
although higher-order dispersion may reduce conversion
efficiency for the desired conversion at large spacings.
Interestingly, the third-order dispersion (TOD) β3 can
also mitigate spurious conversion without affecting the
desired frequency conversion. This is discussed in more
details in the context of modulation instability below and
in Fig. 3, where TOD has a similar effect.
B. Modulation instability
In addition to spurious Bragg scattering, spurious
parametric amplification from modulation instability also
competes with frequency translation by depleting the
pumps and forming secondary pump wavelengths. It can
also couple noise into the quantum channels. To under-
stand how to minimize this, we first consider the classical
parametric amplification gain Gmi [13]:
Gmi(z) = 1 +
(
γP0
gmi
)2
sinh2 (gmiz), (15)
where the parametric gain coefficient gmi is:
gmi =
√
(γP0)2 − (δmi + γP0)2. (16)
The linear phase-mismatch for modulation instability is
δmi = (βs + βi − 2βp)/2. In terms of the dispersion we
have:
δmi =
∑
n
β2n(ωp)
(2n)!
(ω+mi − ω
p
mi)
2n. (17)
Spurious modulation instability can occur between any
pair of waves involved in the BS process. Generally,
the dominant contribution will be MI between the BS
pumps, given their high powers. This corresponds to
ωpmi = ωp1,p2 and ω
+
mi = ωp2,p1. This describes the
generation of secondary pumps and depletion of the
pumps through cascaded FWM. Another process where
ω±mi = ωi,s represents spurious parametric amplification
of the quantum states, which can couple shot noise into
the quantum channels.
Both processes can be minimized similarly to the BS
process described above, as shown in Fig. 3. Higher third-
order dispersion reduces the bandwidth of the spurious
processes (thin and thick solid lines). In addition, the MI
bandwidth can also be narrowed by placing the pumps in
the normal dispersion regime (dashed lines), where dis-
persion cannot cancel the nonlinear phase-mismatch as
can be seen from Eq. 16. However, if the normal dis-
persion regime is on the short wavelength side, it may
be preferable to place the pumps on the long wavelength
side to reduce contamination of the signal by spontaneous
Raman scattering [16].
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FIG. 3. (Color online) Effects of dispersion on spurious
modulation instability: optimised process (thick solid), low
third-order dispersion (thin solid, β3/10) and normal disper-
sion (dashed). Parameters are those of the fiber in Sec. III
with λp1 = 1562 nm and λp2 = 1577 nm. The pump, signal,
idler (vertical solid) and centre wavelength (dotted) for the
desired frequency conversion are marked for reference.
C. Loss and numerical modelling
When a propagation loss α is present, the BS
wavenumber and MI parametric gain vary along the
waveguide. It is possible to derive general expressions for
k and g in terms of hypergeometric functions [20]. How-
ever, here we want to extract simple design guidelines
and want to avoid excessive loss, so these are needlessly
complicated. It can be shown that an approximation in
the presence of loss is obtained by replacing L with an ef-
fective length Leff in all calculations above (see Appendix
A):
Leff =
1− e−αL
α
. (18)
This implies normalizing out the loss e−αL, which can be
lumped into the total system loss. This effective length
treatment captures the effects of loss on the classical
pumps and the associated wave-mixing processes. For
the quantum single photon states, losses couple vacuum
noise into the system and can yield mixed states [21].
Since the focus of the present work is to optimise fre-
quency conversion and suppress spurious processes, we
defer a full quantum mechanical treatment of loss to fu-
ture work.
The BS conversion efficiency Eq. 13 and spurious MI
gain Eq. 15 above were derived using the four-wave un-
depleted pump approximation, which cannot account for
gain saturation effects or secondary mixing between spu-
rious products. To model the full FWM interactions, we
numerically solve the nonlinear Schro¨dinger equation us-
ing the split-step Fourier method [22]:
∂A
∂z
= −
α
2
A+
∞∑
n=2
in+1
βn
n!
∂nA
∂tn
+ iγ
(
1 +
i
ωc
∂
∂t
)(
|A|2A
)
. (19)
The field envelope A(z, t) is defined such that the power
P = |A|2 and includes all waves involved in the FWM
processes. The nonlinear derivative dependant on the
carrier frequency ωc ensures conservation of energy in
the frequency conversion process.
Raman scattering between the single photons and
pumps can also drain away the quantum channels and
couple in spontaneous noise [16, 23]. This can be
modelled by adding a delayed nonlinear response func-
tion [24, 25] and spontaneous scattering term [26] to
Eq. 19. Here we will neglect this effect and focus on
phase-matching of parametric processes, since the Ra-
man response function is not always available.
The theory and simulations used here assume contin-
uous wave fields. The general conclusions on four-wave
mixing phase-matching will also apply to pulsed fields
provided care is taken with the pulse lengths [12].
III. HIGHLY NONLINEAR FIBER
We first demonstrate optimization of the frequency
conversion in a highly-nonlinear fiber (HNLF), similar
to previous experiments [16]. The fiber length is L =
0.75 km and we consider loss negligible over this distance.
The nonlinearity is γ = 21 (W km)−1. This corresponds
to an estimated peak conversion power of 50 mW per
pump from Eq. 14. The higher-order dispersion around
the zero-dispersion wavelength of 1551 nm (where β2 =
0) is β3 = 0.032 ps
3/km and β4 = −5.4 · 10
−5 ps4/km.
The strength of the spurious frequency mixing pro-
cesses are shown in Fig. 4. The frequency conversion
process is centered at the zero-dispersion wavelength of
the HNLF to maximise its bandwidth, as discussed be-
fore. Spurious modulation instability gain can be avoided
for pump spacings greater than 5-10 nm, while frequency
conversion remains highly efficient over this range, as
shown by the dashed contour lines. Spurious Bragg scat-
tering can also be avoided for spacings greater than 5 nm.
Guided by the two-dimensional optimization in Fig. 4,
we choose pump wavelengths λp1 = 1560 nm and λp2 =
1572 nm where dispersion is anomalous (β2 < 0), closely
matching previous experiments. The corresponding sig-
nal and idler wavelengths are λs = 1530.6 nm and
λi = 1542.1 nm. The resulting spurious processes spectra
are shown in Fig. 5. As expected, unwanted frequency
conversion is minimal.
The full numerical simulations of the frequency con-
version process in HNLF are shown in Fig. 6. The input
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FIG. 4. (Color online) Four-wave mixing in an HNLF with
P0 = 50 mW and centre wavelength λ0 = 1551 nm (also
the zero-dispersion point). (a) Modulation instability gain
from pump 1 with idler (top, normalized) and with pump 2
(bottom). (b) Spurious Bragg scattering conversion efficiency
and contours of desired BS efficiency (dotted white).
signal power P 0s = 6.4 pW corresponds to the average
power for a single photon rate of 50 MHz. The conver-
sion efficiency is not affected by the exact signal power
since the mixing processes are all linear in the signal
field. Figure 6(a) shows that simulations predict 98% fre-
quency conversion, as observed in experiments [16]. This
gives confidence in the reliability of the optimisation pro-
cess presented here. The maximum conversion occurs for
pump powers of 46.5 mW, slightly lower than the analytic
prediction. This is probably due to the effects of slight
phase-mismatch and spurious conversion which make the
powers and BS wavevector vary over propagation, but is
a small correction. Figure 6(b) shows the output spec-
trum at maximum conversion. Spurious MI and BS are
visible, but at least 20 dB below the desired signals, and
well separated spectrally, indicating proper optimisation
of the frequency conversion.
IV. SILICON NITRIDE WAVEGUIDE
We now optimise frequency conversion in an on-chip
silicon nitride waveguide experimentally described in
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FIG. 5. (Color online) (a) Modulation instability gain of
pump 1 in an HNLF. (b) Conversion efficiency of spurious
(solid) and desired (dashed) Bragg scattering in an HNLF.
The pump power is P0 = 50 mW. The pump, signal, idler
(solid) and centre wavelength (dotted) are marked for refer-
ence.
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FIG. 6. (Color online) (a) Simulated evolution of input
signal (1530.6 nm, blue) and converted idler (1542.1 nm, red)
in an HNLF. (b) Output spectrum for input pump power
P0 = 46.5 mW.
Ref. [15]. Nanophotonics waveguides tend to display con-
siderable higher-order dispersion, limiting frequency con-
version efficiency. The dispersion profile can be optimised
by varying the waveguide dimensions. We choose dimen-
sions of 550 × 1000 nm2 and operate around the 1 µm
range in the TE mode where TOD is strong enough while
higher-order dispersion is moderate, as shown in Fig. 7.
We use a length of L = 2.5 cm, which corresponds to
an effective length Leff = 1.9 cm for a propagation loss
α = 1 dB/cm. We use a nonlinearity of γ = 7.6 (W m)−1
corresponding to Pmax0 = 5.4 W, which can be reached
6using picosecond pulses [15]. The dispersion coefficients
around the zero-dispersion wavelength at 1045.6 nm are
β2 = −9.6 · 10
−3 ps2/km, β3 = 0.35 ps
3/km, β4 =
2.6 · 10−4 ps4/km, β5 = −1.2 · 10
−6 ps5/km and β6 =
3.8 · 10−8 ps6/km.
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FIG. 7. (Color online) Simulated dispersion of a 550 ×
1000 nm2 silicon nitride waveguide in the TE mode from
Ref. [15].
The spurious processes are mapped out in Fig. 8
around the zero-dispersion wavelength λ0 = 1045.6 nm.
Note that we have normalized out the total linear loss
of 2.5 dB as discussed above. Pump spacings on the
order of 50 nm are required to avoid MI and reverse
BS. This is because the short lengths and high powers
needed in nanophotonic waveguides yield small dispersive
phase-mismatches and strong FWM conversion. The fre-
quency conversion efficiency also drops off more quickly
due to the larger higher order dispersion. Nevertheless,
a window with low spurious conversion and conversion
efficiency above 90% is available.
Following Fig. 8, we choose pump wavelengths λp1 =
1096.6 nm and λp2 = 1181.6 nm, corresponding to signal
and idler wavelengths λs = 937.7 nm and λi = 999.1 nm.
The pump range can be accessed using Yb-doped fiber
lasers optimised for long-wavelength operation [27]. The
resulting parametric gain spectra are shown in Fig. 9,
showing that spurious processes are indeed avoided.
Full numerical simulation for the silicon nitride waveg-
uide are shown in Fig. 10. A peak conversion of 75%
is achieved for a single pump power of 4.5 W. This is
again lower than the analytic prediction, but still close.
The conversion efficiency is lower than the expected 90%.
This is likely due to the full effects of loss, which con-
tinuously shift the phase-matching condition, and the
presence of multiple parametric mixing products visi-
ble in Fig. 10(b). Nevertheless, this shows that fre-
quency conversion with efficiency above 50% is possible in
properly optimised waveguides, which can enable Hong-
Ou-Mandel (HOM) interference between frequency non-
degenerate photon pairs generated by spontaneous para-
metric processes.
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FIG. 8. (Color online) Four-wave mixing in a silicon nitride
waveguide with P0 = 5.4 W at λ0 = 1045.6 nm. (a) Modu-
lation instability gain from pump 1 with idler (top, normal-
ized) and with pump 2 (bottom). (b) Spurious Bragg scatter-
ing conversion efficiency and contours of desired BS efficiency
(dotted white). The global loss of 2.5 dB has been normalized
out.
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FIG. 9. (Color online) (a) Modulation instability gain of
pump 1 in a silicon nitride waveguide of at anomalous (solid)
and normal (dotted) dispersion. (b) Conversion efficiency of
spurious (solid) and desired (dashed) Bragg scattering in an
HNLF. The pump power is P0 = 5.4 W. The pump, signal,
idler (solid) and centre wavelength (dotted) are marked for
reference. The global loss of 2.5 dB has been normalized out.
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FIG. 10. (Color online) (a) Simulated evolution of input
signal (937.7 nm, blue) and converted idler (999.1 nm, red)
in a silicon nitride waveguide. (b) Output spectrum for input
pump power P0 = 4.5 W. The global loss of 2.5 dB has been
normalized out.
V. SILICON WAVEGUIDE
Finally, we model frequency conversion in an on-chip
silicon nanowire. Besides CMOS integration poten-
tial [28], crystalline silicon displays a narrow Raman res-
onance which can be avoided, as opposed to broadband
Raman in glasses which can contaminate single photon
signals. A drawback of silicon is multiphoton absorption,
which can limit the effective nonlinearity [29]. However,
as we will show below, for the powers used here two-
photon absorption is low.
Dispersion engineering of such waveguides is well doc-
umented [30]. Dimensions of 300 × 300 nm2 are chosen
to maximise the third-order dispersion around 1.5 µm,
as shown in Fig. 11. We use a length of L = 1.0 cm,
which corresponds to an effective length Leff = 0.76 cm
for a propagation loss α = 2.5 dB/cm. The nonlinearity
of γ = 350 (W m)−1 corresponds to Pmax0 = 0.295 W.
The dispersion coefficients around 1516 nm are β2 =
−31 ps2/km, β3 = −35 ps
3/km, β4 = 0.50 ps
4/km, β5 =
−4.9 · 10−3 ps5/km and β6 = 3.6 · 10
−5 ps6/km. As for
two-photon absorption, using a typical value of αTPA =
10 ·10−12 m/W and an effective area Aeff = 0.1 µm
2 [31],
the TPA length scale is (αTPAP0/Aeff)
−1 = 30 cm. This
is much longer than the waveguide used, thus two-photon
losses can be neglected.
The spurious parametric processes in the silicon
nanowire are modelled around 1516 nm in Fig. 12. The
propagation loss of 2.5 dB has been normalised out. Mod-
ulation instability can be avoided with conversion effi-
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FIG. 11. (Color online) Simulated dispersion of a 300 ×
300 nm2 silicon waveguide in the TM mode from Ref. [30].
ciencies around 90%. However, spurious Bragg scattering
is harder to avoid while maintaining both efficient con-
version and low MI gain, as seen in Fig. 13(b). This is
due to the relatively large fourth-order dispersion, which
limits the pump spacings range where frequency transla-
tion is efficient. Indeed, for the silicon nanowire we have
β4/β3 ∼ 10 fs, while for the HNLF and the silicon nitride
waveguide the ratio is on the order of 1 fs.
We chose to model pump wavelengths λp1 = 1541.5 nm
and λp2 = 1576.5 nm, corresponding to signal and idler
wavelengths λs = 1460.0 nm and λi = 1491.3 nm. The
resulting gain spectra are shown in Fig. 13. As expected,
modulation instability is well mitigated, but spurious
Bragg scattering efficiencies around 20% are expected.
Full modelling of the frequency conversion in the silicon
nanowire is shown in Fig. 14. The maximum conversion
occurs for a pump power of 0.33 W, close to the analytic
estimate. The maximum efficiency is 55%, lower than the
85% calculated for the desired conversion process alone.
Most of the discrepancy is likely due to spurious BS up-
conversion. Cascaded pump MI and loss also contribute.
Nevertheless, it is theoretically possible to achieve con-
version efficiency above 50%, suitable for HOM interfer-
ence.
VI. CONCLUSION
We have characterised the conditions for high efficiency
and low-noise Bragg scattering frequency conversion in
the single photon regime. The phase-matching condi-
tions for the desired frequency conversion as well as spu-
rious scattering and modulation instability were outlined.
It was shown that third-order dispersion can suppress
spurious processes while higher-order dispersion limits
frequency conversion efficiency. The resulting optimi-
sation procedure was applied to highly nonlinear fibre,
silicon nitride waveguides and silicon nanowires. Numer-
ical simulations confirmed that high single-photon fre-
quency conversion efficiencies can be obtained. These
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FIG. 12. (Color online) Four-wave mixing in a silicon waveg-
uide with P0 = 295 mW at λ0 = 1516 nm. (a) Modulation
instability gain from pump 1 with idler (top, normalized) and
with pump 2 (bottom). (b) Spurious Bragg scattering conver-
sion efficiency and contours of desired BS efficiency (dotted
white). The global loss of 2.5 dB has been normalised out.
design guidelines will support the development of efficient
frequency conversion devices to interface together com-
plex quantum networks and open new avenues to tunable,
multicolor quantum processing.
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Appendix A: Effective length approximation for
propagation loss
For parametric amplifiers with propagation loss, it
is possible in the undepleted pump regime to obtain a
closed-form solution in terms of confluent hypergeomet-
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FIG. 13. (Color online) (a) Modulation instability gain of
pump 1 in a silicon waveguide at anomalous (solid) and nor-
mal (dotted) dispersion. (b) Conversion efficiency of spurious
(solid) and desired (dashed) Bragg scattering in an HNLF.
The pump power is P0 = 295 mW. The pump, signal, idler
(solid) and centre wavelength (dotted) are marked for refer-
ence. The global loss of 2.5 dB has been normalized out.
p
1
p
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is
FIG. 14. (Color online) (a) Simulated evolution of input
signal (1459.9 nm, blue) and converted idler (1491.3 nm, red)
in a silicon waveguide. (b) Output spectrum for input pump
power P0 = 320 mW. The global loss of 2.5 dB has been
normalized out.
ric functions [20]. However, for slowly varying properties,
such a linear propagation loss, it is possible to obtain sim-
pler solutions using the WKB approximation, also known
as the phase integral method. For a parametric amplifier
with total pump power Ptot = P1 + P2 and number of
pump np, the WKB method leads to a signal gain [20]:
Gs(z) = e
−αz
×
(
1± e−αz
∣∣∣∣ (2γP0)2k(0)k(z) sin2
(∫ z
0
k(z′)dz′
)∣∣∣∣
)
. (A1)
9The parametric wavenumber k(z) with loss is:
k(z) =
√
(κ(z)/2)2 − i∂zκ(z)/2∓ (2γ
√
P1P2e−αz)2,
(A2)
with the phase-mismatch κ(z):
κ(z) = 2δ − iα+ e−αz(3− np)γ(P1 ± P2). (A3)
For BS we use the lower signs, while for MI we use the
upper signs.
For BS we take np = 2 and P0 = P1 = P2, which yields
the BS wavenumber:
kbs(z) =
√
(δbs − iα/2)2 + (2γP0e−αz)2. (A4)
To first order, consider the case the BS process is centred
at the zero-dispersion wavelength so that δ = 0. The
wavenumber becomes:
kbs(z) ≈ 2γP0e
−αz
√
1−
(
αeαz
4γP0
)2
≈ 2γP0e
−αz. (A5)
We have assumed that the loss term in the square root is
small. In the case of silicon nitride and silicon modelled
above, this is ∼ 0.06 and can indeed be neglected.
The normalized power of the BS input signal then fol-
lows from Eq. A1:
Gbs(L) ≈ e
−αz
[
1 + sin2 (2γP0Leff)
]
, (A6)
where we have used Leff = (1 − e
−αz)/α from Eq. 14.
This is similar to the results leading to the power for
maximum conversion, if we replace L with Leff and re-
duce the conversion by the total propagation loss e−αz.
A similar expression can be derived for MI around the
optimal phase-matching condition κ ≈ 0:
Gmi(L) ≈ e
−αz
[
1 + sinh2 (γPtotLeff)
]
. (A7)
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